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I. Introduction
It has recently been found [1,2] that a thin horizontal wire located

{ parallel to a conducting earth can support a so-called "earth-attached"

mode in addition to the well-known ''transmission line'" mode which becomes
TEM in the limit of a perfectly conducting earth. The physical mechanism
which gives rise to this new mode seems to be an interaction of the wire
with the Zenneck surface wave of the air-earth interface. 1f, instead of
a semi-infinite earth, the wire is located above a grounded dielectric slab,
as shown in Fig. 1, it seems possible that similar interection could occur
with the ™ surface wave of the slab (whose surface wave character is more
pronounced than that of the Zenneck wave), and that a second mode could
appear in this case as well. Among other possible applications, such a
structure conceptually could be a very practical one to use in the develop-
ment of air strip or perimeter monitoring systems installed above a rein-
forced concrete slab of finite thickness lying on the top of a conductive
earth. In addition it may also give some insight into the structurally
similar microstrip transmission line at much higher frequencies. However,
with the use of a thin wire assumption, there is no need to solve an
integral equation for the current in the conductor (as is the case with
microstrip) before finding the equation for the propagation constant. It
can thus be decided by studying the present configuration whether such a
phenomenon as conjectured above could be expected in microstrip, before
actually going through the analysis. Since the only previous related work
seems to have been an investigation of a wire centered in an ungrounded
slab [3], in which case, no TEM mode exists in the low frequency limit,
the analysis of the present problem also seems desirable for the better

understanding of other problems involving for example, the properties of
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two-wire transmission lines partially filled with dielectric.

II. Formulation of the modal equation

Let the thickness of the slab be t, and its relative permittivity
€r=n2. The wire, whose radius is a, is located at a height d above the
surface of the slab. The characteristic equation for propagating modes
can be derived in a thin-wire approximation by following the procedure of
Wait [4] who treated a wire over the earth. We shall therefore omit most
of the detail in the derivation, touching only high points and presenting
the final result.

It is assumed that a current I exp (ikoaz-iwt) is flowing in the wire,

5

where k0=w(u is the free space propagation constant, and «a 1is the

00’
normalized propagation constant of a mode on the wire. The z-axis coincides
with the axis of the wire, while the x and y coordinates in the trans-
verse plane are indicated in Fig. 1. The field of this current can be

given in terms of the Whittaker potentials (z-components of electric and

magnetic Hertz vectors) U and V as

2 2

B o e I AR
Ex = 3x3z * W oy He =950 - lweay
2 2
% Loy B S
Ey = Wz - Wi Hy T dyaz T MY (1)
E, = (k*+ 9°/32°)U Ho = (K 3%/az)v

The potentials U and V can be given as Fourier integrals with respect
to y as follows (I is chosen tc eliminate a constant appearing outside
all the integrals, and the propagation factor exp(ikoaz-imt) is understood

to appear in all field quantities):

oo

-k u. | x-d| -k u, (x+d) 7 +ik Ay
U= J[F e + R(A)e 01 ] e ke
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where, in order to assure convergence of the integrals,

u, = N u, = (Az-cﬁ)% ; Re u >0 (6)

5 9 2
and CZ =1-a7, C; =n’ - a”. The sign of u, will be irrelevant since

all functions encountered here are even in u..
&

By enforcing continuity of tangential E and H at x=0 , and the vanish-
ing of tangential E at x=-t, a system of equations for the unknowns
P,R,S,M,N and Q is obtained. In particular, after some algebra, it is
found that
2 . T 2 o !

u151nh u, CnUICOSh u21+§ u, sinh UZT
2

R(A) = -1 + >
s [ulsinh u,T+u, cosh uZT][n"u

1cosh u2T+u2 sinh u:T}

(7)

2

where T=k0t is a normalized slab thickness. This could be considered
as one of the special cases of a stratified half-space discussed by Wait
[S]. The modal equation determining o 1is found in the thin wire approx-
imation (k0a<<1, a<<d) by enforing thc toundary condition Ez=0 at a single
point on the wire [4] or by setting its average value at the wire surface

equal to zero [2]. From (1), (2) and (7), we find

Pt @ay - ui @] + e = o (8)
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where Hél)is the Hankel function of first kind,
6 g br=lkd
| A= koa, = K,
and J
v e L NN S |
3 [Cn uluos u,T + ' u251n uzr] sinh u21 —ZuID |
F(a) = = 5 e dA ;
[u151nh u21+ uzcosh uzT][n ulcosh u2T+ uzsxnh uzT] (9) H

The value of § is to be chosen sothat Im Z2 Oensuring a mode which 1is
bounded at infinity in any transverse direction in the air.

As n>® or T>0, it can be seen that F(a)>0, and thus the first two o
terms of (8) represent the effect of a wire and a perfect image at a distance
d below the surface of the slab. Similarly, as n2+1, the terms in (8)
can be identified as the wire term and a perfect image term at a distance

d+t below the grounding conductor. In any of these limits, the solution

9.4
is £°=0 or a=*1, and the mode is a TEM mode traveling on the wire-image

P—

transmission line. Clearly F(®) represents the effect of the slab; in

fact, the factor [u1 sinh u,T+u, cosh uzT] in the denominator of (9) is,

2z

when set equal to zero, the eigenvalue equation for TE surface waves on ﬁ

the grounded slab [6] in the absence of the wire, where uy is the attenu- i

ation constant in the vertical direction. Likewise, the factor

[nzu cosh u,T + u, sinh uZT] corresponds to TM surface waves.

The integrand of (9) therefore has poles tkpl,tx

l
o ae _}\
2’ s ]N’

the total number 2N of which that lie in the Riemann sheet (6) depends

et i i

upon the thickness T and refractive index n of the slab. Since the path

of integration in the A-plane lies on the real axis, it is convenient

to choose the ’Awi to be those with positive imaginary part. Each pole

is a function of a, and if a varies such that some pole Api crosses the




integration path, a discontinuity occurs in F(a) as well as in the
expressions for the fields, so that lnlkpi=0 in fact define a set of branch
cuts in the a-plane at iupi as shown in Fig. 2, in addition

to the already known pair at a=*1.Physically, these cuts correspond to
fields radiating away from the wire, along the slab into the given surface
wave, at various (possibly complex) angles to the wire, with a normalized
wave number & in the z-direction and Api in the y-direction. The require-
ment nnxpizo assures that none of the surface waves grow as they move

away from the wire. We further note that, independent of the thickness

of the slab, there is at least one TM pole in the solution to the slab

at any given frequency. Thus it is not difficult to understand why the

transverse field of the wire structure in the presence of the slab could

be substantially different from one determined from a quasi-static analysis.

ITI. Approximate form of the characteristic equation

Before we attempt to find the solution of the modal equation as
given in (8) on a computer by computing F(a) using numerical integration,
we shall derive an analytical form of (8) under a thin-slab approximation
which preserves the essential features of interest in the problem, but
allows the propagation constants to be found without extrancous numerical
computation. Such an approach is not only more efficient computationally,
but also can give physical insight into the impact of the surface-wave
on the guided wave of a wire above a grounded slab.

If the condition (nZ—I)%'F<<l is satisfied, there are no TE modes
on the slab, and only one TM mode (thus only one pair of poles which we
denote ikp). Under the additional constraint T2<<Dz, the damping influence

of the exponential in (9) allows us to replace the hyperbolic functions




by their small argument forms, giving
@

2 2
‘ . cnul+c uzT —2ulD
Flo) === . 5 e dA (10)
(ul+1/T)(n“u1+u2T)
which further reduces to
5 2 2.2 -2u.D
2 [[ 1 a a“B 1
F(a) = — | — - = i = e dA (11)
e e
_oo"— l
where
(12)

2 2
B = (n -1)T/n
is the approximate location of the value of u, for the TM surface wave

(these approximations are seen to be related to the surface impedance
characterization of a conducting plane with a thin dielectric coating [6])

The first two terms of (11) can be evaluated as follows:

(o]
A oL u T ~2u.D
o S gK s U GIT e e . dA
im | u,+1/T im | u, (1+u,T)
1 1 1
00 - - 00 (13)
1 - 2
; E_,( sinh ulT . ul('D+T)dA - Hél)(ZcD)-Hél)(ZQ(D+T))
1T J u
I
and likewise
-2uqyD
1 2
2| ——ar =n{D ) - 1t 2z (ovr/n’y) (14)
im u;+n /E
erm of (11) are encountered in the wire

Integrals similar to the last

over earth problem [2,7,8], where methods for their approximate evaluation

are given. We do not repeat the derivation here, but quote the result, valid

under the additional constraint of |ZD|<<I:
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@ r———
% re-ZulD S : . /U'Z_O‘Z §
— p e, R ~ 9 o S Ty L 2 2
T uI—B dA ““0 (2zD) + T e m arctan 3 (15) ?
Yo -o, |

] = p

{
where
) L
| a = (1+87)7 (16)

! P

i denotes the location of the propagation constant for the lowest order TM

mode of the slab. The square roots /éz-ai are to be chosen with positive
real part in order to correspond to hnkp>0; note that uzmust be larger than
az in order for the surface wave to decay away from the wire. Furthermore, the
singularity in (15) ata = ap should be noted. Nowsince the existence of this
| term results only from the excitation of the TM surface wave on the slab, this

singular term simply reflects the dominance of the surface-wave effect

whenever the propagation constant o of a guided mode is located near ap

f ] f By combining (8), (11), (13), (14) and (15), we obtain the approximate

! modal equation after taking small argument forms for Hgl): :
y t
i 2 : : /2 23]
. 0 = azln 2(D+T/n ) -2n 2(D+T) + ZQZBZJ;nD/éz-l + Y - —-——E))—--——"Tr-arctan‘/Ot i
A A i. 77 7 <4
Yo" -0
P
(17)
where Y = (0,5772... is Euler's constant and az-l is taken to have positive

real part.

l.et us seek a perturbation solution of (17). For sufficiently low

frequencies, B»0, and provided that az-a; is not too small, we find the

quasi-TEM approximation:

2 Wn[2(D+T)/A] 8

DAn (2D/A)

a” = = 2 ] et (18)
l Ln[2(D+T/n") /A |
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Comparing (16) and (18), we see that in order to be a proper mode (J‘>q;)

we must have

BDAn(2D/A) <1 (19)
which is certainly satisfied in the low frequency limit.
It (193 is not satisfied, the term which is singular at Jp may be
important and should not then be neglected. A numerical solution of (17)
must then be obtained.

IV. Numerical results

In order to test the validity of the approximate modal equation (17),
its numerical solution was compared with a numerical solution of the exact
modal equation (8) using F(a) obtained by a numerical integration of (9.
The latter (E),as well as the solution of (17), (A), is shown in Fig. 3
for n=1.5 and D=1.0. Reasonable agreement is found over the entire range
of T up to 0.5; indeed, it is rather better than one could expect from
the stated approximations. As expected, of course, best agreement is
obtained for T<0.l. The quasi-TEM prediction (18) is also displayed (QT);
for T>0.1 the error in (a-1)is on the order of hundreds of percent. The
reason for this failure of quasi-TEM theory can be seen by inspecting (17).
For small enough T, condition (19) holds and (ap-l) is far enough from
(a-1) to leave (18) unaffected. As Fig. 3 shows, however, a as given by
(18) soon violates (19), while the actual value of a is "dragged" upwards
by the influence of up. It is clear that for values of T larger thau
about 0.2, the mode is heavily incluenced by the TM surface wave of the slab,
and is no longer given even approximately by quasi-TEM theory. It is thus
to be expected that the fields of the mode, when it has attained this
"surface-attached" character, will spread out along the slab away from

the wire to a much greater extent than those of a quasi-TEM mode. Similar

{
i
!

-

T
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behavior has been found in the wire over earth problem [1,2].

Figure 4 shows results for a substrate of higher refractive index
(n=3); similar behavior to that of Fig. 3 is observed. In Fig. 5, the
(rather small) effect of the value of D on the solution of (17) is shown.

V. Leaky Modes

It was speculated in the introduction that because of the surface-
wave interaction meachanism present here as well as in the wire over earth
situation , a second mode, which appears in the latter case, could also
occur here. However, no such second solution of (17) could be found numer-
ically near a=1, ap or n. It can be argued that the lossy earth can be
obtained from this problem by continuously increasing the loss of n and
letting T »«~. The question naturally arises: what happens to the second
mode? There is, after all, a limited number of things that can happen.

It seems most likely that the second mode has disappeared into a branch
cut, and lies on an improper Riemannsheet, a leaky mode [9]. Unfortunately
the continuous transition to the lossy half-space cannot be carried out

on (17) because of the thin slab approximations involved. However, it
seems most likely that the cut associated with ap (which is responsible

for the existence of a second mode on the wire over earth) may be "hiding"

Loy
this leaky mode. A search of the complex a-plane with the sign of va™-a

TN

reversed in (17) (i.e., the Riemann sheet Im<Z> O,Inlxps,O) revealed the
existence of a leaky mode, with values of a occurring in complex conjugate
pairs as iswell-known for such modes [97. The trajectories of these modes
for n=1.5 are shown in Fig. 6 (only the modes with positive imaginary
part are given).

It thus appears that the second mode in the case of a slab has been

forced into the improper Riemann sheet of the a-plane because of the absence
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of loss. Such a mode, although improper, can be expected to exert
some influence in the radiation spectrum of a guiding structure. Although it

is impossible to trace this continuous transition under our approximation,

the passage of proper modes into improper sheets has been observed in other
problems upon continuous variation of the loss [10,11] or other waveguide
parameters [12,13].

VI. Conclusion

The numerical results presented here indicate that strong interaction
with the TM surface wave of the slab can occur as the electrical thickness
of the slab becomes significant. A second, leaky mode has been found which
is probably related to the second mode in the wire over earth problem.

Both modes are influenced by the singular term in (17) which reflects the
surface wave influence, which thus cannot be neglected in these parameter
ranges. A similar singular term has been found in an analysis of microstrip
[14] but was neglected in solving the characteristic equation; a recent
treatment of optical stripline waveguides [15] notes this singularity as

well, The explicit display of this singularity gives physical insight into

the reason why neither TEM nor quasi-TEM theory is sufficient for such wave-
guides operating at significant electrical dimensions. It should be emphasized,
of course, that these results are not directly applicable to microstrip
(because of the assumption T2<< Dz), and that the surface-attached

phenomenon is implicit in numerically exact solutions [16].

It should also be noted that ii uic range where coupling to the surface
woo e is significant (e.g., T greater than 0.2 in the examples studied here)
the proper mode is almost entirely made up of the surface wave field, which
decays as exp (-Skox) above the wire, but only as exp(- az-u; k0|y|) in

the lateral direction. Since, in the case of Fig.3, for T = 0.4, we have




e ——————
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B = 0.23 and /(é-az ~(.086 (exact values), it is seen that the mode in
a surface-attached condition will be concentrated in the vicinity of the

slab, and this property may be useful in guided radar configurations.
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BASE UNITS:
Quantity
length
mass
time

electric current

thermodynamic temperature

amount of substance
luminous intensity

SUPPLEMENTARY UNITS:

plane angle
solid angle

DERIVED UNITS:
Acceleration

activity (of a rad:oactive source)

angular acceleration
sngular velocity

area

density

electric capacitance
electrical conductance
electric field strength
electric inductance
electric potential difference
electric resistance
electromotive force
energy

entropy

force

frequency
illuminance
luminance

luminous flux
magnetic field strength
magnetic flux
magnetic flux density
magnetomotive force
power

pressure

quantity of electricity
quantity of heat
radiant intensity
specific heat

stress

thermal conductivity
velocity

viscosity, dynamic
viscosity, kinematic
voltage

volume

wavenumber

work

SI PREFIXES:

METRIC SYSTEM

_Unit

metre
kilogram
second
ampere
kelvin
mole
candela

radian
steradian

metre per second squared
disintegration per second
radian per sacond squared
radian per second

square metre

kilogram per cubic metre
farad

siemens

volt per metre

henry

volt

ohm

volt

joule

joule per kelvin

newton

hertz

lux

candela per square metre
lumen

ampere per metre

weber

tesla

ampere

watt

pascal

coulomb

joule

watt per steradian

joule per kilogram-kelvin
pascal

watt per metre-kelvin
metre per second
pascal-second

square metre per second
volt

cubic metre

reciprocal metre

joule

__Multiplication Factors

1 000 000 000 000 = 10'?
1 000 000 000 = 10*
1 000 000 = 10"

1000 = 10*

100 = 10?

10 = 10!

0.1=10""

0.01 = 10~1?
0.001 = 10~
0.000 001 = 10°*
0.000 000 001 = 10~"*
0.000 000 000 001 = 10~ "2
0.000 000 000 000 001 = 10~'*
= ]n—ll

0.000 000 000 000 000 001

* To be avoided where possible.

S1 Symbol

g3 =>"&3

rad
sr

Prefix

tera
giga
meges
kilo
hecto*
deks*
deci*®
ceant{*®
milll
micro
neno
ico
emto
stto

_Formuls

m/s
(disintegration)'s

rad/s
rad/s
m
kg/m
A-sV
AN
Vim
V-s/A
WIA
VIA
WIA
Nm

K
kg-m/s
(cycle)is
Im/m
cd/m
cd-sr
Alm
Vs
Wb/'m
Jis
Nim
As
N-m
Wisr
Jkg-K
N/m
WimK
m/s
Pas
mis
WIA
m
(waveym
Nm

Si Symbol
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MISSION
of
Rome Air Development Center

RADC plans and conducts research, exploratory and advanced
development programs in command, control, and communications
(¢3) activities, and in the C3 areas of information sciences
and intelligence. The principal technical mission areas
are communications, electromagnetic guidance and control,
surveillance of ground and aerospace objects, intslligence
data collection and handling, information system technology,
ionospheric propagation, solid state sciences, microwave
physics and electronic reliability, maintainability and
compatibility.
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